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WHY GRANULAR CRYSTALS

1. Experimental control of nonlinearity
2. Different nonlinearities: power law

and non smooth
3. Flexible experimental control of

disorder
4. Common media system in nature and

industry

NEAR LINEAR REGIME
For very small excitations un ⌧ �n :

mnün = Kn(un�1 � un)�Kn+1(un � un+1)

Normal modes and sound waves
Easy setup to recover known results in linear
theory also experimentally

1D GRANULAR CRYSTAL

mnün = An[�n+un�1 � un]
3
2
+ �An+1[�n+1+un � un+1]

3
2
+

Hertzian nonlinearity: [ ]3/2 Opening of gaps : if u < 0 ! [u]+ = 0
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WEAKLY NONLINEAR
For small excitations un < �n FPU :

mnün=
4X

k=2

Kn,k(un�1 �un)
k�1

�Kn+1,k(un � un+1)
k�1

KdV solitons, NLS envelope solitons and
Discrete Breathers

HIGHLY NONLINEAR REGIME
Limit of strong excitation un � �n or no

precompression F = 0

mnün = An[un�1 � un]
3/2
+ �An[un � un+1]

3/2
+

Compacton solutions
Sonic vacuum

EVOLUTION IN AN INFINITE CHAIN

Energy spreading
)

And localization

Localized

Propagating front

hn: n-th particle
energy
Total Energy:
E =

P
n hn

Energy moments:
m⌫ =

P
|n�n0|⌫hn(t)

E

Participation nr.:
P = 1/

P
n h

2
n

Localization
Detrapping

Nonlinearity effect: from subdiffusion to superdiffusion (no asymptotic values found)
Almost ballistic behavior at F = 0 (highly non linear)

Asymptotic energy profile characteristics Dynamics of the central particle
Propagating front: from phonons to shocks Near linear limit: Anderson localized modes

Weakly nonlinear limit: Detrapping
Strongly nonlinear limit: No localization

Propagating front changes

Spread

Results for initial momentum excitation : Nonlinearity effect ! superdiffusion to
almost ballistic behavior at F = 0.
The different behavior between displacement and momentum excitation vanishes at this limit

OPEN QUESTIONS
Known results in disordered linear limit:

• subdiffusion (displacement) m2 ⇡ t1/2

• superdiffusion (momentum) m2 ⇡ t3/2

• Participation number P (t) takes
asymptotic finite value (localization)

Disorder and nonlinearity:

• How does weak nonlinearity change
the diffusivity of energy (m2(t)) ?

• What is the connection between
chaoticity and energy transport?

• How does the opening of gaps
(higher nonlinearity) changes the en-
ergy transport?

• How does chaoticity depend on the
initial excitation, and how does it
evolve in time?

• Dynamics of localized eigenmodes in
the nonlinear case? From Anderson
localized modes to chaos



SSH model
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0
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0 J1 0 0 ··· 0
J1 0 J2 0 ··· 0
0 J2 0 J1 ··· 0

.
.
.

.
.
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0 ··· 0 J2 0 J1
0 ··· 0 0 J1 0
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<latexit sha1_base64="dvo6RB5w6zdmjjYFuXi64N+FA3Y="></latexit>

N<latexit sha1_base64="sB8yDq+EgW4JZNhgIFz5sm8J58c=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQY9EL54MJoIksCHdbhcauu3adknIht/hxYPGePXHePPfWGAPCk7SZDLzJu91goQzbVz32ymsrW9sbhW3Szu7e/sH5cOjtpapIrRFJJeqE2BNORO0ZZjhtJMoiuOA08dgdDPzH8dUaSbFg5kk1I/xQLCIEWys5PeEZCKkwpSqd9V+ueLW3DnQKvFyUoEczX75qxdKksY2TzjWuuu5ifEzrAwjnE5LvVTTBJMRHtCupQLHVPvZ/OgpOrNKiCKp7BMGzdXfiQzHWk/iwE7G2Az1sjcT//O6qYmu/IyJJDVUkMWiKOXISDRrAIVMUWL4xBJMFLO3IjLEChNjeyrZErzlL6+Sdr3mXdTq9/VK4zqvowgncArn4MElNOAWmtACAk/wDK/w5oydF+fd+ViMFpw8cwx/4Hz+AKTkkVk=</latexit> atoms...

A system possesses 

chiral symmetry if 

has to be unitary and Hermitian

it is also a local operator⌃̂

<latexit sha1_base64="6ghpY3q2oXsTHNC+kFF8drU+wD4=">AAAB9XicbVA9T8MwEHX4LOWrwMhi0SIxVUkZYKxgYSyCfkhNqC6u01q1nch2QFXU/8HCAEKs/Bc2/g1umwFannTS03t3ursXJpxp47rfzsrq2vrGZmGruL2zu7dfOjhs6ThVhDZJzGPVCUFTziRtGmY47SSKggg5bYej66nffqRKs1jem3FCAwEDySJGwFjpoeIPwWT+HRsImFR6pbJbdWfAy8TLSRnlaPRKX34/Jqmg0hAOWnc9NzFBBsowwumk6KeaJkBGMKBdSyUIqoNsdvUEn1qlj6NY2ZIGz9TfExkIrccitJ0CzFAvelPxP6+bmugyyJhMUkMlmS+KUo5NjKcR4D5TlBg+tgSIYvZWTIaggBgbVNGG4C2+vExatap3Xq3d1sr1qzyOAjpGJ+gMeegC1dENaqAmIkihZ/SK3pwn58V5dz7mrStOPnOE/sD5/AEAXJIu</latexit>

⌃̂Ĥ⌃̂ = �Ĥ
<latexit sha1_base64="iQn5ckEGef14/m4t0QRHGMoLKSs=">AAACLnicbVDLSgMxFM3UVx1foy7dBFvBjWWmLnQjFEXosqJ9QFvKnTRtQzMPkoxQhvkiN/6KLgQVcetnmGlH0NYDgZNz7uXee9yQM6ls+9XILS2vrK7l182Nza3tHWt3ryGDSBBaJwEPRMsFSTnzaV0xxWkrFBQ8l9OmO75K/eY9FZIF/p2ahLTrwdBnA0ZAaalnXRfNzghU3LllQw8SPPt4oEYEeFxNfpTMvsDmyUKJWexZBbtkT4EXiZORAspQ61nPnX5AIo/6inCQsu3YoerGIBQjnCZmJ5I0BDKGIW1r6oNHZTeenpvgI6308SAQ+vkKT9XfHTF4Uk48V1emW8p5LxX/89qRGpx3Y+aHkaI+mQ0aRByrAKfZ4T4TlCg+0QSIYHpXTEYggCidsKlDcOZPXiSNcsk5LZVvyoXKZRZHHh2gQ3SMHHSGKqiKaqiOCHpAT+gNvRuPxovxYXzOSnNG1rOP/sD4+gb4Dah5</latexit>

⌃̂ = �̂z � �̂z � ...� �̂z
<latexit sha1_base64="5nN3Pwj8weyz2NXL7j7OjLBR0EU=">AAACQHicbVA7T8MwGHTKq4RXgJHFokViipIywIJUwcJYBH1ITRQ5rttadeLIdpBK1J/Gwk9gY2ZhACFWJtw0A7Q9ydJ9d/fJ9oUJo1I5zqtRWlldW98ob5pb2zu7e9b+QUvyVGDSxJxx0QmRJIzGpKmoYqSTCIKikJF2OLqe+u0HIiTl8b0aJ8SP0CCmfYqR0lJgtaumN0Qq8+7oIEIT83I2yXwKHqHHE5ZKuFy1bXt5wKwGVsWxnRxwkbgFqYACjcB68XocpxGJFWZIyq7rJMrPkFAUMzIxvVSSBOERGpCupjGKiPSzvIAJPNFKD/a50CdWMFf/bmQoknIchToZITWU895UXOZ1U9W/8DMaJ6kiMZ5d1E8ZVBxO24Q9KghWbKwJwoLqt0I8RAJhpTs3dQnu/JcXSatmu2d27bZWqV8VdZTBETgGp8AF56AObkADNAEGT+ANfIBP49l4N76M71m0ZBQ7h+AfjJ9fFAmwEA==</latexit>

⌃ =

0
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1 0 0 0 ··· 0
0 �1 0 0 ··· 0
0 0 1 0 ··· 0
0 0 0 �1 ··· 0

.
.
.

.
.
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0 ··· 0 0 1 0
0 ··· 0 0 0 �1
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<latexit sha1_base64="KfERkFnD2Wg8u9Q2YiuKSKRr0eQ="></latexit>

For the SSH

Chiral symmetry ?
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Disorder to the on-site potential ...

H =

0

BBBBB@

�1 J1 0 0 ··· 0
J1 �2 J2 0 ··· 0
0 J2 �3 J1 ··· 0
0 0 J1 �4 ··· 0

.
.
.

.
.
.

0 ··· 0 J2 �2N�1 J1

0 ··· 0 0 J1 �2N

1

CCCCCA

<latexit sha1_base64="wfujPR7XQGhyyJWCCmFcS6HfOWU="></latexit>

This Hamiltonian 
 doesn’t possess 
 chiral symmetry

⌃̂Ĥ⌃̂ 6= �Ĥ
<latexit sha1_base64="RmdVvL6ObA9TceK7aWSmZKz782o=">AAACOnicbVC7TsMwFHV4lvAKMLJYtEgsVEkZYKxg6dgK+pCaqrpx3daq4wTbQaqifhcLX8HGwMIAQqx8AO5LgpYjWTo+517de08Qc6a0675YK6tr6xubmS17e2d3b985OKypKJGEVknEI9kIQFHOBK1qpjltxJJCGHBaDwY3Y7/+QKVikbjTw5i2QugJ1mUEtJHaTsUXERMdKrSds/0+6NS/Zb0QRnj6CUH3CfC0NJorc1vQe3y+VGTn2k7WzbsT4GXizUgWzVBuO89+JyJJaHYgHJRqem6sWylIzQinI9tPFI2BDKBHm4YKCKlqpZPTR/jUKB3cjaR5QuOJ+rsjhVCpYRiYyvGWatEbi/95zUR3r1opE3GiqSDTQd2EYx3hcY64wyQlmg8NASKZ2RWTPkgg2qRtmxC8xZOXSa2Q9y7yhUohW7yexZFBx+gEnSEPXaIiKqEyqiKCHtErekcf1pP1Zn1aX9PSFWvWc4T+wPr+Adwmrg8=</latexit>

• The edge modes are not robust

• The two bands are not symmetric

with respect to zero 
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Disorder to the couplings

H =

0

BBBBB@

0 J1+✏1 0 0 ··· 0
J1+✏1 0 J2+✏2 0 ··· 0

0 J2+✏2 0 J1+✏3 ··· 0
0 0 J1+✏3 0 ··· 0

.
.
.

.
.
.

0 ··· 0 J2+✏2N�1 0 J1+✏2N
0 ··· 0 0 J1+✏2N 0

1

CCCCCA

<latexit sha1_base64="kH4IScEfLRFH4TijN1OOnUuf3AA="></latexit>

This Hamiltonian 
 still possesses 

 chiral symmetry
⌃̂Ĥ⌃̂ = �Ĥ

<latexit sha1_base64="iQn5ckEGef14/m4t0QRHGMoLKSs=">AAACLnicbVDLSgMxFM3UVx1foy7dBFvBjWWmLnQjFEXosqJ9QFvKnTRtQzMPkoxQhvkiN/6KLgQVcetnmGlH0NYDgZNz7uXee9yQM6ls+9XILS2vrK7l182Nza3tHWt3ryGDSBBaJwEPRMsFSTnzaV0xxWkrFBQ8l9OmO75K/eY9FZIF/p2ahLTrwdBnA0ZAaalnXRfNzghU3LllQw8SPPt4oEYEeFxNfpTMvsDmyUKJWexZBbtkT4EXiZORAspQ61nPnX5AIo/6inCQsu3YoerGIBQjnCZmJ5I0BDKGIW1r6oNHZTeenpvgI6308SAQ+vkKT9XfHTF4Uk48V1emW8p5LxX/89qRGpx3Y+aHkaI+mQ0aRByrAKfZ4T4TlCg+0QSIYHpXTEYggCidsKlDcOZPXiSNcsk5LZVvyoXKZRZHHh2gQ3SMHHSGKqiKaqiOCHpAT+gNvRuPxovxYXzOSnNG1rOP/sD4+gb4Dah5</latexit>

...
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• The edge modes are robust

• The two bands are symmetric

with respect to zero 



Localization length    of zero energy mode

E<latexit sha1_base64="XW5npMCMUQvXHyrUvqfcJAuPLGQ=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiieziQY9EY+IRE0ES2JButwsN3XZtuyRkw+/w4kFjvPpjvPlvLLAHBSdpMpl5k/c6QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVCbCmnAnaMsxw2kkUxXHA6WMwupn5j2OqNJPiwUwS6sd4IFjECDZW8ntCMhFSYUrV22q/XHFr7hxolXg5qUCOZr/81QslSWObJxxr3fXcxPgZVoYRTqelXqppgskID2jXUoFjqv1sfvQUnVklRJFU9gmD5urvRIZjrSdxYCdjbIZ62ZuJ/3nd1ERXfsZEkhoqyGJRlHJkJJo1gEKmKDF8YgkmitlbERlihYmxPZVsCd7yl1dJu17zLmr1+3qlcZ3XUYQTOIVz8OASGnAHTWgBgSd4hld4c8bOi/PufCxGC06eOYY/cD5/AJc3kVA=</latexit> : Energy
M1 =

✓
E
J2

�J1
J2

1 0

◆

<latexit sha1_base64="njwIBwDDma8hQVO4phg3OHZK/9M="></latexit>

M2 =

✓
E
J1

�J2
J1

1 0

◆

<latexit sha1_base64="yJNFEtr/vUv9pwp0nbKpAwwj/30="></latexit>

M1, M2
<latexit sha1_base64="OHz7wCoqS8jsoGyyg4VG7sktFAU=">AAAB/3icbVC7TsMwFHXKq4RXAImFxaJFYkBVEgYYK1hYkIpEH1IbRY7jtlYdO7IdpCp04FdYGECIld9g429w2wxQOJLlo3Puvb4+Ucqo0q77ZZWWlldW18rr9sbm1vaOs7vXUiKTmDSxYEJ2IqQIo5w0NdWMdFJJUBIx0o5GV1O/fU+kooLf6XFKggQNOO1TjLSRQuegxwXlMeHart6EXvUUmsuvhk7FrbkzwL/EK0gFFGiEzmcvFjhLzCDMkFJdz011kCOpKWZkYvcyRVKER2hAuoZylBAV5LP9J/DYKDHsC2kO13Cm/uzIUaLUOIlMZYL0UC16U/E/r5vp/kWQU55mmnA8f6ifMagFnIYBYyoJ1mxsCMKSml0hHiKJsDaR2SYEb/HLf0nLr3lnNf/Wr9QvizjK4BAcgRPggXNQB9egAZoAgwfwBF7Aq/VoPVtv1vu8tGQVPfvgF6yPb6Q0k+U=</latexit>

Transfer matrices:

J1,n = 1 +W1!n

J2,n = m+W2!0
n

<latexit sha1_base64="q8D/GxvPNDbRJBAs29Qsek8G0IE="></latexit>

Adding disorder to the couplings
W1,W2

<latexit sha1_base64="7nHg9h+dYLr5qwfQQOs8GhuClkk=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM9gKLqQkcaHLohuXFawptCFMJtN26GQmzEyEEgr+ihsXirj1O9z5N07bLLT1wIXDOffO3HvijFGlXffbqqysrq1vVDftre2d3T1n/+BBiVxi0saCCdmJkSKMctLWVDPSySRBacxIEI9upn7wSKSigt/rcUbCFA047VOMtJEi56jHBeUJ4dqu20HknQeRb9cjp+Y23BngMvFKUgMlWpHz1UsEzlPzDmZIqa7nZjoskNQUMzKxe7kiGcIjNCBdQzlKiQqL2foTeGqUBPaFNMU1nKm/JwqUKjVOY9OZIj1Ui95U/M/r5rp/FRaUZ7kmHM8/6ucMagGnWcCESoI1GxuCsKRmV4iHSCKsTWK2CcFbPHmZPPgN76Lh3/m15nUZRxUcgxNwBjxwCZrgFrRAG2BQgGfwCt6sJ+vFerc+5q0Vq5w5BH9gff4AF8iTmw==</latexit>

Disorder strengths:
!n,!0

n
<latexit sha1_base64="9sBXlxuOXLqulPd0K0rMoxicK54=">AAACCnicbZC7TsMwFIadcivhFmBkMbQIBlQlZYCxgoWxSPQiNVXlOE5r1bEj20Gqos4svAoLAwix8gRsvA1uGyRo+SVLn/5zju3zBwmjSrvul1VYWl5ZXSuu2xubW9s7zu5eU4lUYtLAggnZDpAijHLS0FQz0k4kQXHASCsYXk/qrXsiFRX8To8S0o1Rn9OIYqSN1XMOfS4oDwnXdtn2RUz6qMfP4A+d2OWeU3Ir7lRwEbwcSiBXved8+qHAaWzuxAwp1fHcRHczJDXFjIxtP1UkQXiI+qRjkKOYqG42XWUMj40TwkhIc7iGU/f3RIZipUZxYDpjpAdqvjYx/6t1Uh1ddjPKk1QTjmcPRSmDWsBJLjCkkmDNRgYQltT8FeIBkghrk55tQvDmV16EZrXinVeqt9VS7SqPowgOwBE4BR64ADVwA+qgATB4AE/gBbxaj9az9Wa9z1oLVj6zD/7I+vgGpquY7w==</latexit>

Random numbers, uniformly 

distributed in the interval [-0.5,0.5]
:

N=105, W1=W/2, W2=W

1 2 3 4 5 6
W
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1
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2

m

20
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40

50

60

70

80

90

100

E = 0
<latexit sha1_base64="N7tqwP/JzbcMQrXiI0f9mmFrloY=">AAAB+XicbVBNS8NAEJ3Urxq/oh69BFvBU0nqQS9CUQSPFawttKFsNpt26WY37G4KJfSfePGgiFf/iTf/jds2B219MPB4b2Z35oUpo0p73rdVWlvf2Nwqb9s7u3v7B87h0ZMSmcSkhQUTshMiRRjlpKWpZqSTSoKSkJF2OLqd+e0xkYoK/qgnKQkSNOA0phhpI/Udp8cF5RHh2q7ad9dete9UvJo3h7tK/IJUoECz73z1IoGzxDyBGVKq63upDnIkNcWMTO1epkiK8AgNSNdQjhKigny++dQ9M0rkxkKa4tqdq78ncpQoNUlC05kgPVTL3kz8z+tmOr4KcsrTTBOOFx/FGXO1cGcxuBGVBGs2MQRhSc2uLh4iibA2YdkmBH/55FXyVK/5F7X6Q73SuCniKMMJnMI5+HAJDbiHJrQAwxie4RXerNx6sd6tj0VrySpmjuEPrM8fP5aSFg==</latexit>

I. Mondragon-Shem, et. al.

Phys. Rev. Lett. 113, 046802 (2014).

We calculate the Lyapunov exponent 

�
<latexit sha1_base64="iyeRR+MSEihjEYYNrlvNHgfhMbM=">AAAB/HicbVA7T8MwGHTKq4RXoCOLRYvEVCVlgLGChbFI9CE1UeU4TmvVsSPbQYqi8ldYGECIlR/Cxr/BbTNAy0mWTnff2Z8vTBlV2nW/rcrG5tb2TnXX3ts/ODxyjk96SmQSky4WTMhBiBRhlJOuppqRQSoJSkJG+uH0du73H4lUVPAHnackSNCY05hipI00cmo+F5RHhGu74TOTi1Bj5NTdprsAXCdeSeqgRGfkfPmRwFlibsEMKTX03FQHBZKaYkZmtp8pkiI8RWMyNJSjhKigWCw/g+dGiWAspDlcw4X6O1GgRKk8Cc1kgvRErXpz8T9vmOn4OigoTzNNOF4+FGcMagHnTcCISoI1yw1BWFKzK8QTJBHWpi/blOCtfnmd9FpN77LZum/V2zdlHVVwCs7ABfDAFWiDO9ABXYBBDp7BK3iznqwX6936WI5WrDJTA39gff4Azb6UNQ==</latexit>

�
<latexit sha1_base64="+rS6op11PLfg/Fzcg8R6bMzW+lw=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYvEVCVlgLGChbFI9CE1UeU4TmvVj8h2EFXVX2FhACFWfoSNv8FtM0DLka50dM699r0nzhjVxve/ndLG5tb2TnnX3ds/ODzyjisdLXOFSRtLJlUvRpowKkjbUMNIL1ME8ZiRbjy+nfvdR6I0leLBTDIScTQUNKUYGSsNvEooJBUJEcathUPEOaoNvKpf9xeA6yQoSBUUaA28rzCROOf2EcyQ1v3Az0w0RcpQzMjMDXNNMoTHaEj6lgrEiY6mi91n8NwqCUylsiUMXKi/J6aIaz3hse3kyIz0qjcX//P6uUmvoykVWW6IwMuP0pxBI+E8CJhQRbBhE0sQVtTuCvEIKYSNjcu1IQSrJ6+TTqMeXNYb941q86aIowxOwRm4AAG4Ak1wB1qgDTB4As/gFbw5M+fFeXc+lq0lp5g5AX/gfP4AE3WTzQ==</latexit>

However, � ⇠ 1/�
<latexit sha1_base64="2PmsX7tCGT/20txdVpQwPTvz8dc=">AAACCnicbVC7TsMwFHXKq5RXgZHF0CIxlaQMMFawMBaJPqQmqm4cp7VqO5HtIFVVZxZ+hYUBhFj5Ajb+BvcxQMuRLB2dcx++J0w508Z1v53cyura+kZ+s7C1vbO7V9w/aOokU4Q2SMIT1Q5BU84kbRhmOG2nioIIOW2Fg5uJ33qgSrNE3pthSgMBPcliRsBYqVs89mXCZESlKZT9HggB2NdMYO/c53ZKBOVuseRW3CnwMvHmpITmqHeLX36UkEzYmYSD1h3PTU0wAmUY4XRc8DNNUyAD6NGOpRIE1cFoesoYn1olwnGi7JMGT9XfHSMQWg9FaCsFmL5e9Cbif14nM/FVMGIyzQyVZLYozjg2CZ7kgiOmKDF8aAkQxexfMemDAmJsegUbgrd48jJpViveRaV6Vy3Vrudx5NEROkFnyEOXqIZuUR01EEGP6Bm9ojfnyXlx3p2PWWnOmfccoj9wPn8AXQeZZQ==</latexit>
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M1 =

✓
0 �J1

J2

1 0

◆

<latexit sha1_base64="ni4oLaZiw4nUHXRuHgf/wRguB2w="></latexit>

M2 =

✓
0 �J2

J1

1 0

◆

<latexit sha1_base64="Tcb/bnUnt2thxI7GmKdchbcaB3M="></latexit>



✓
A⌫+1

A⌫

◆
= M̂⌫

✓
A⌫

A⌫�1

◆

<latexit sha1_base64="aCxf0VScCy6J9J7/rDSVYB0uByE="></latexit>

✓
A⌫+1

A⌫

◆
= T̂⌫

✓
A1

A0

◆

<latexit sha1_base64="xi5eWOvutqhAMzzg4qmDvjkNQHE="></latexit>

T̂⌫ =
Q⌫

n=1 M̂n
<latexit sha1_base64="zV1DInh/YgSfEfEFAjiwhwenRBs=">AAACIHicbVBNS8NAEN3U7/hV9ehlsRU8laQe6qUgevEiVGir0MSw2Wzt0s1u2N0IJeSnePGvePGgiN7017hNc1Drg4HHezPMzAsTRpV2nE+rsrC4tLyyumavb2xubVd3dvtKpBKTHhZMyJsQKcIoJz1NNSM3iSQoDhm5DsfnU//6nkhFBe/qSUL8GN1xOqQYaSMF1ZbHBeUR4dqu294I6aybB5nH07ztJVJEQcbbbn5bKLDwL/OA2/WgWnMaTgE4T9yS1ECJTlD98CKB09hswgwpNXCdRPsZkppiRnLbSxVJEB6jOzIwlKOYKD8rHszhoVEiOBTSFNewUH9OZChWahKHpjNGeqT+elPxP2+Q6uGJn1GepJpwPFs0TBnUAk7TghGVBGs2MQRhSc2tEI+QRFibTG0Tgvv35XnSbzbc40bzqlk7PSvjWAX74AAcARe0wCm4AB3QAxg8gCfwAl6tR+vZerPeZ60Vq5zZA79gfX0DvxmjUA==</latexit>

2x2 transfer

matrix problem or

where

Furstenberg 1963
Maximum Lyapunov


exponent
�1 = limN!1

1
N ln ||T̂N~z||

<latexit sha1_base64="jxD/qOGNoVV+sONfKcmtvgpasqA="></latexit>

~A⌫ = T̂⌫
~A0

<latexit sha1_base64="Yfcp0ZJxoMMcUrOMsyp2MI8pG0I=">AAACGnicbVDLSsNAFJ34rPEVdelmsBVclaQudCNU3bis0Bc0IUwm03boZBJmJoUS8h1u/BU3LhRxJ278G6dtBG09MHDuOfdy554gYVQq2/4yVlbX1jc2S1vm9s7u3r51cNiWcSowaeGYxaIbIEkY5aSlqGKkmwiCooCRTjC6nfqdMRGSxrypJgnxIjTgtE8xUlryLcflMeUh4cqsuGOCs+vcz1ye5lfuEKmsWVTwx7MrvlW2q/YMcJk4BSmDAg3f+nDDGKeR3oEZkrLn2InyMiQUxYzkpptKkiA8QgPS05SjiEgvm52Ww1OthLAfC/24gjP190SGIiknUaA7I6SGctGbiv95vVT1L72M8iRVhOP5on7KoIrhNCcYUkGwYhNNEBZU/xXiIRIIK52mqUNwFk9eJu1a1Tmv1u5r5fpNEUcJHIMTcAYccAHq4A40QAtg8ACewAt4NR6NZ+PNeJ+3rhjFzBH4A+PzG7vPoUc=</latexit>

)
<latexit sha1_base64="joIfPuG1bWaojQtAwScBM6SQzDU=">AAACAHicbVC7TsMwFHXKq4RXgIGBxaJFYqqSMsBYwcJYEH1ITVQ5jtNadezIdkBV1IVfYWEAIVY+g42/wW0zQMuRrnR0zr32vSdMGVXadb+t0srq2vpGedPe2t7Z3XP2D9pKZBKTFhZMyG6IFGGUk5ammpFuKglKQkY64eh66nceiFRU8Hs9TkmQoAGnMcVIG6nvHPlcUB4Rru2qf0cHQ42kFI/VvlNxa+4McJl4BamAAs2+8+VHAmeJeQkzpFTPc1Md5EhqihmZ2H6mSIrwCA1Iz1COEqKCfHbABJ4aJYKxkKa4hjP190SOEqXGSWg6E6SHatGbiv95vUzHl0FOeZppwvH8ozhjUAs4TQNGVBKs2dgQhCU1u0I8RBJhbTKzTQje4snLpF2veee1+m290rgq4iiDY3ACzoAHLkAD3IAmaAEMJuAZvII368l6sd6tj3lrySpmDsEfWJ8/NGuWJQ==</latexit>

is a random vector ~z
<latexit sha1_base64="2EfpQ4/PhtGTcgshIeL+mkW2L7w=">AAAB/HicbVC7TsMwFHXKq4RXoCOLRYvEVCVlgLGChbFI9CG1UeU4TmvVsSPbqRSi8issDCDEyoew8Te4bQZoOdKVjs651773BAmjSrvut1Xa2Nza3inv2nv7B4dHzvFJR4lUYtLGggnZC5AijHLS1lQz0kskQXHASDeY3M797pRIRQV/0FlC/BiNOI0oRtpIQ6cy4ILykHBt1wZTgvPHWW3oVN26uwBcJ15BqqBAa+h8DUKB09i8ghlSqu+5ifZzJDXFjMzsQapIgvAEjUjfUI5iovx8sfwMnhslhJGQpriGC/X3RI5ipbI4MJ0x0mO16s3F/7x+qqNrP6c8STXhePlRlDKoBZwnAUMqCdYsMwRhSc2uEI+RRFibvGwTgrd68jrpNOreZb1x36g2b4o4yuAUnIEL4IEr0AR3oAXaAIMMPINX8GY9WS/Wu/WxbC1ZxUwF/IH1+QNGRJSE</latexit>

�1 = limN!1
1

2N ln(A2
N+1 +A2

N )
<latexit sha1_base64="pkmkmneKWaOJRU6W0KOguuGsCdI="></latexit>

+
<latexit sha1_base64="xZw0Mb6+h7X40pO6oNcMIez/JWY=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJFYqqSMsBYAQNjkehDaqLKcZzWqmNHtkNVhQ78CgsDCLHyG2z8DW6bAVqOdKWjc+617z1BwqjSjvNtFVZW19Y3ipulre2d3T17/6ClRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvp377gUhFBb/X44T4MepzGlGMtJF69pHHBeUh4bpU8W7EiCMpxajSs8tO1ZkBLhM3J2WQo9Gzv7xQ4DQ2D2GGlOq6TqL9DElNMSOTkpcqkiA8RH3SNZSjmCg/m+0/gadGCWEkpCmu4Uz9PZGhWKlxHJjOGOmBWvSm4n9eN9XRpZ9RnqSacDz/KEoZ1AJOw4AhlQRrNjYEYUnNrhAPkERYm8hKJgR38eRl0qpV3fNq7a5Wrl/lcRTBMTgBZ8AFF6AObkEDNAEGj+AZvII368l6sd6tj3lrwcpnDsEfWJ8/bFaVtQ==</latexit>

�1 = 1
N ln(|| ~AN ||) = 1

N ln
⇣

|| ~AN ||
|| ~A0||

⌘

<latexit sha1_base64="MICTzPhd8FyxXc89IcZI7EXjxUc="></latexit>

if || ~A0|| = 1
<latexit sha1_base64="AeS8Ye3Dt8BjC+0/hF/HxpLy/Rc=">AAACBHicbVC7TsMwFHXKq4RXgLFLRIvEVCVlgAWpwMJYJPqQmihyHKe16jiR7VSqkg4s/AoLAwix8hFs/A1umwFajnSlo3Pute89fkKJkJb1rZXW1jc2t8rb+s7u3v6BcXjUEXHKEW6jmMa850OBKWG4LYmkuJdwDCOf4q4/up353THmgsTsQU4S7EZwwEhIEJRK8oyKw2LCAsykXstzZ4xRdj31rDy/smueUbXq1hzmKrELUgUFWp7x5QQxSiP1GqJQiL5tJdLNIJcEUTzVnVTgBKIRHOC+ogxGWLjZ/IipeaqUwAxjropJc67+nshgJMQk8lVnBOVQLHsz8T+vn8rw0s0IS1KJGVp8FKbUlLE5S8QMCMdI0okiEHGidjXREHKIpMpNVyHYyyevkk6jbp/XG/eNavOmiKMMKuAEnAEbXIAmuAMt0AYIPIJn8AretCftRXvXPhatJa2YOQZ/oH3+AM3cl4g=</latexit>

�1 = 1
N ln

⇣
|| ~AN ||

|| ~AN�1||
|| ~AN�1||
|| ~AN�2||

... ||
~A1||

|| ~A0||

⌘

<latexit sha1_base64="4N4wjvFfnI2+ktu3vgL1P1UWEPQ="></latexit>

+
<latexit sha1_base64="xZw0Mb6+h7X40pO6oNcMIez/JWY=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJFYqqSMsBYAQNjkehDaqLKcZzWqmNHtkNVhQ78CgsDCLHyG2z8DW6bAVqOdKWjc+617z1BwqjSjvNtFVZW19Y3ipulre2d3T17/6ClRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvp377gUhFBb/X44T4MepzGlGMtJF69pHHBeUh4bpU8W7EiCMpxajSs8tO1ZkBLhM3J2WQo9Gzv7xQ4DQ2D2GGlOq6TqL9DElNMSOTkpcqkiA8RH3SNZSjmCg/m+0/gadGCWEkpCmu4Uz9PZGhWKlxHJjOGOmBWvSm4n9eN9XRpZ9RnqSacDz/KEoZ1AJOw4AhlQRrNjYEYUnNrhAPkERYm8hKJgR38eRl0qpV3fNq7a5Wrl/lcRTBMTgBZ8AFF6AObkEDNAEGj+AZvII368l6sd6tj3lrwcpnDsEfWJ8/bFaVtQ==</latexit>

�1 = 1
N SN = 1

N

PN
i=1 S

0
i

<latexit sha1_base64="p1oHxwVUDOnUt5yTjZhwWhzt7VA="></latexit>

S0
i = ln

⇣
|| ~Ai||

|| ~Ai�1||

⌘

<latexit sha1_base64="WYHSrnPBfuJXf4NTEtScl4k6BqE="></latexit>

where

SN+1 = SN + ln
⇣
|| ~AN+1||

⌘

<latexit sha1_base64="qtLWf59OeoGExgZEGC7zC7lbrNE="></latexit>

Normalizing the vectors

in the previous step �7



Dimer lattice



ui, 81  i  N
<latexit sha1_base64="757z59CyNuFi0mSrxdEeqmnvDYg=">AAACCXicbVC7TsMwFL3hWcorwMhi0SAxoCopA4wVLEyoSPQhNVHkuE5r1XlgO0hV1JWFX2FhACFW/oCNv8FtM0DLkSwfnXOv7r0nSDmTyra/jaXlldW19dJGeXNre2fX3NtvySQThDZJwhPRCbCknMW0qZjitJMKiqOA03YwvJr47QcqJEviOzVKqRfhfsxCRrDSkm8iK/OZdYosN0wE5hw5yOX0HrHZd2P5ZsWu2lOgReIUpAIFGr755fYSkkU0VoRjKbuOnSovx0Ixwum47GaSppgMcZ92NY1xRKWXTy8Zo2Ot9JBeRb9Yoan6uyPHkZSjKNCVEVYDOe9NxP+8bqbCCy9ncZopGpPZoDDjSCVoEgvqMUGJ4iNNMBFM74rIAAtMlA6vrENw5k9eJK1a1Tmr1m5rlfplEUcJDuEITsCBc6jDNTSgCQQe4Rle4c14Ml6Md+NjVrpkFD0H8AfG5w95zZem</latexit>

displacements

Assuming that all masses oscillate with the same frequency !<latexit sha1_base64="i4J1gLdzRzsVQntc955upoa6vIQ=">AAAB73icbVDLSgNBEJz1GeMr6tHLYCJ4CrvxoMegF48RzAOSJcxOepMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1vf2NzaLuwUd/f2Dw5LR8cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3UqPSVgSCr9Utmv+nPgVRLkpIxyNPqlr95A0VSAtJQTY7qBn9gwI9oyymFa7KUGEkLHZAhdRyURYMJsfu8UnztlgGOlXUmL5+rviYwIYyYicp2C2JFZ9mbif143tfF1mDGZpBYkXSyKU46twrPn8YBpoJZPHCFUM3crpiOiCbUuoqILIVh+eZW0atXgslq7r5XrN3kcBXSKztAFCtAVqqM71EBNRBFHz+gVvXmP3ov37n0sWte8fOYE/YH3+QNLTY95</latexit> we can write ui = vie�i!t
<latexit sha1_base64="RqdhjyLOVKm/WXQF+URRi6SEBEI=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoOJYGPYjYU2QtDGMoJ5QLIus5O7yZDZBzOzgbBs46/YWChi62fY+TdOki008cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gJaNEUGjSiEei4xEJnIXQVExx6MQCSOBxaHuj26nfHoOQLAof1CQGJyCDkPmMEqUl1zyqJC67HrsMHtNz1osCGBCssoprlq2qNQNeJnZOyihHwzW/ev2IJgGEinIiZde2YuWkRChGOWSlXiIhJnREBtDVNCQBSCedPZDhU630sR8JXaHCM/X3REoCKSeBpzsDooZy0ZuK/3ndRPlXTsrCOFEQ0vkiP+FYRXiaBu4zAVTxiSaECqZvxXRIBKFKZ1bSIdiLLy+TVq1qX1Rr97Vy/SaPo4iO0Qk6Qza6RHV0hxqoiSjK0DN6RW/Gk/FivBsf89aCkc8coj8wPn8Aw8OV3Q==</latexit>

k .BbQ`/2`
Pm` ;Q�H BM i?Bb b2+iBQM Bb iQ bim/v i?2 2z2+i Q7 /BbQ`/2` BM /BK2` H�iiB+2bX q2 QMHv T`2b2Mi `2bmHib
7Q` � +?�BM rBi? irQ /Bz2`2Mi bT`BM; +QMbi�Mib #2+�mb2- �b K2MiBQM2/ T`2pBQmbHv- rBi? � bmBi�#H2
i`�Mb7Q`K�iBQM- i?2 /BK2` H�iiB+2 rBi? /Bz2`2Mi K�bb2b Bb bBKBH�` rBi? i?2 QM2 +QMbBbiBM; 7`QK /Bz2`2Mi
bT`BM; +QMbi�MibX q2 �HbQ BMb2`i �M ǴQM@bBi2 TQi2MiB�HǴ- BM i?2 b2Mb2 r2 +QMM2+i 2�+? K�bb rBi? QM2
KQ`2 bT`BM;X �HH i?Qb2 bT`BM;b �`2 i?2 b�K2- �M/ bQ i?2 7`2[m2M+v bT2+i`mK bBKTHv BM+`2�b2b #v
κ/mX h?2 `2�bQM r?v r2 �// i?2b2 M2r bT`BM; +QMbi�Mib κ Bb #2+�mb2 bQK2 7`2[m2M+B2b +�M #2+QK2
BK�;BM�`v B7 i?2 /BbQ`/2` Bb bi`QM;- bBM+2 i?2 HQr2` 7`2[m2M+v Bb x2`QX � b+?2K�iB+ /2b+`BTiBQM Q7 �M
BM}MBi2 bvbi2K HBF2 i?Bb Bb ;Bp2M BM 6B;m`2 kXRX LQi2 i?�i �HH bT`BM; +QMbi�Mib κ 7Q`K i?Bb ǴQM@bBi2
TQi2MiB�HǴX

6B;m`2 kXR, a+?2K�iB+ /2b+`BTiBQM Q7 �M BM}MBi2 QM2 /BK2MbBQM�H /BK2` H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

kXR .BK2` H�iiB+2 rBi? /Bz2`2Mi bT`BM; +QMbi�Mib �M/ Q// MmK#2` Q7 K�bb2b

6B;m`2 kXk, a+?2K�iB+ /2b+`BTiBQM Q7 � }MBi2 QM2 /BK2MbBQM�H /B�iQKB+ H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib- Q// MmK#2` Q7 K�bb2b �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

h?2 bvbi2K mM/2` +QMbB/2`�iBQM Bb b?QrM BM 6B;m`2 kXkX Ai Bb � }MBi2 +?�BM rBi? }t2/ #Qi? bB/2b
�i r�HHb �M/ +QMbBbiBM; 7`QK �M Q// MmK#2` Q7 K�bb2b N X aQ i?2 iQi�H MmK#2` Q7 bT`BM;b Bb 2p2M-
bT2+B}+�HHv N + 1- �M/ i?2 }`bi bT`BM; +QMbi�Mi Bb κ1 r?BH2 i?2 H�bi QM2 Bb κ2X �bbmKBM; i?�i �HH
K�bb2b Qb+BHH�i2 rBi? i?2 b�K2 7`2[m2M+v ω i?2M i?2 /BbTH�+2K2Mib ui , ∀ 1 ≤ i ≤ N +�M #2 r`Bii2M
�b ui = vie−iωtX lbBM; i?2 2[m�iBQMb Q7 KQiBQM- i?2M i?2 7`2[m2M+B2b ω �b HQM; �b i?2 �KTHBim/2b vi
�`2 i?2 2B;2Mp�Hm2b �M/ 2B;2Mp2+iQ`b Q7

− ω2M̂ |U⟩ = K̂|U⟩ UkXRV

r?2`2

|U⟩ =

⎛

⎝
v1
v2
XXX

vN

⎞

⎠ , UkXkV

M̂ =

⎛

⎜⎝

m 0 0 ··· 0
0 m 0 ··· 0

X X X
0 ··· 0 m 0
0 ··· 0 0 m

⎞

⎟⎠ UkXjV

9

)
<latexit sha1_base64="w9gyERtP59ocVcgD5ygIJ7QQk2U=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmI5hYkTsstCTaWKKRjwQuZG/Zgw17u+fuHIZc+B02Fhpj64+x89+4wBUKvmSSl/dmMjMviAU34LrfTm5tfWNzK79d2Nnd2z8oHh41jUo0ZQ2qhNLtgBgmuGQN4CBYO9aMRIFgrWB0M/NbY6YNV/IBJjHzIzKQPOSUgJX8cveeD4ZAtFZP5V6x5FbcOfAq8TJSQhnqveJXt69oEjEJVBBjOp4bg58SDZwKNi10E8NiQkdkwDqWShIx46fzo6f4zCp9HCptSwKeq78nUhIZM4kC2xkRGJplbyb+53USCK/8lMs4ASbpYlGYCAwKzxLAfa4ZBTGxhFDN7a2YDokmFGxOBRuCt/zyKmlWK95FpXpXLdWuszjy6ASdonPkoUtUQ7eojhqIokf0jF7RmzN2Xpx352PRmnOymWP0B87nD08fkcs=</latexit>

�9

k .BbQ`/2`
Pm` ;Q�H BM i?Bb b2+iBQM Bb iQ bim/v i?2 2z2+i Q7 /BbQ`/2` BM /BK2` H�iiB+2bX q2 QMHv T`2b2Mi `2bmHib
7Q` � +?�BM rBi? irQ /Bz2`2Mi bT`BM; +QMbi�Mib #2+�mb2- �b K2MiBQM2/ T`2pBQmbHv- rBi? � bmBi�#H2
i`�Mb7Q`K�iBQM- i?2 /BK2` H�iiB+2 rBi? /Bz2`2Mi K�bb2b Bb bBKBH�` rBi? i?2 QM2 +QMbBbiBM; 7`QK /Bz2`2Mi
bT`BM; +QMbi�MibX q2 �HbQ BMb2`i �M ǴQM@bBi2 TQi2MiB�HǴ- BM i?2 b2Mb2 r2 +QMM2+i 2�+? K�bb rBi? QM2
KQ`2 bT`BM;X �HH i?Qb2 bT`BM;b �`2 i?2 b�K2- �M/ bQ i?2 7`2[m2M+v bT2+i`mK bBKTHv BM+`2�b2b #v
κ/mX h?2 `2�bQM r?v r2 �// i?2b2 M2r bT`BM; +QMbi�Mib κ Bb #2+�mb2 bQK2 7`2[m2M+B2b +�M #2+QK2
BK�;BM�`v B7 i?2 /BbQ`/2` Bb bi`QM;- bBM+2 i?2 HQr2` 7`2[m2M+v Bb x2`QX � b+?2K�iB+ /2b+`BTiBQM Q7 �M
BM}MBi2 bvbi2K HBF2 i?Bb Bb ;Bp2M BM 6B;m`2 kXRX LQi2 i?�i �HH bT`BM; +QMbi�Mib κ 7Q`K i?Bb ǴQM@bBi2
TQi2MiB�HǴX

6B;m`2 kXR, a+?2K�iB+ /2b+`BTiBQM Q7 �M BM}MBi2 QM2 /BK2MbBQM�H /BK2` H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

kXR .BK2` H�iiB+2 rBi? /Bz2`2Mi bT`BM; +QMbi�Mib �M/ Q// MmK#2` Q7 K�bb2b

6B;m`2 kXk, a+?2K�iB+ /2b+`BTiBQM Q7 � }MBi2 QM2 /BK2MbBQM�H /B�iQKB+ H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib- Q// MmK#2` Q7 K�bb2b �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

h?2 bvbi2K mM/2` +QMbB/2`�iBQM Bb b?QrM BM 6B;m`2 kXkX Ai Bb � }MBi2 +?�BM rBi? }t2/ #Qi? bB/2b
�i r�HHb �M/ +QMbBbiBM; 7`QK �M Q// MmK#2` Q7 K�bb2b N X aQ i?2 iQi�H MmK#2` Q7 bT`BM;b Bb 2p2M-
bT2+B}+�HHv N + 1- �M/ i?2 }`bi bT`BM; +QMbi�Mi Bb κ1 r?BH2 i?2 H�bi QM2 Bb κ2X �bbmKBM; i?�i �HH
K�bb2b Qb+BHH�i2 rBi? i?2 b�K2 7`2[m2M+v ω i?2M i?2 /BbTH�+2K2Mib ui , ∀ 1 ≤ i ≤ N +�M #2 r`Bii2M
�b ui = vie−iωtX lbBM; i?2 2[m�iBQMb Q7 KQiBQM- i?2M i?2 7`2[m2M+B2b ω �b HQM; �b i?2 �KTHBim/2b vi
�`2 i?2 2B;2Mp�Hm2b �M/ 2B;2Mp2+iQ`b Q7

− ω2M̂ |U⟩ = K̂|U⟩ UkXRV

r?2`2

|U⟩ =

⎛

⎝
v1
v2
XXX

vN

⎞

⎠ , UkXkV

M̂ =

⎛

⎜⎝

m 0 0 ··· 0
0 m 0 ··· 0

X X X
0 ··· 0 m 0
0 ··· 0 0 m

⎞

⎟⎠ UkXjV

9

k .BbQ`/2`
Pm` ;Q�H BM i?Bb b2+iBQM Bb iQ bim/v i?2 2z2+i Q7 /BbQ`/2` BM /BK2` H�iiB+2bX q2 QMHv T`2b2Mi `2bmHib
7Q` � +?�BM rBi? irQ /Bz2`2Mi bT`BM; +QMbi�Mib #2+�mb2- �b K2MiBQM2/ T`2pBQmbHv- rBi? � bmBi�#H2
i`�Mb7Q`K�iBQM- i?2 /BK2` H�iiB+2 rBi? /Bz2`2Mi K�bb2b Bb bBKBH�` rBi? i?2 QM2 +QMbBbiBM; 7`QK /Bz2`2Mi
bT`BM; +QMbi�MibX q2 �HbQ BMb2`i �M ǴQM@bBi2 TQi2MiB�HǴ- BM i?2 b2Mb2 r2 +QMM2+i 2�+? K�bb rBi? QM2
KQ`2 bT`BM;X �HH i?Qb2 bT`BM;b �`2 i?2 b�K2- �M/ bQ i?2 7`2[m2M+v bT2+i`mK bBKTHv BM+`2�b2b #v
κ/mX h?2 `2�bQM r?v r2 �// i?2b2 M2r bT`BM; +QMbi�Mib κ Bb #2+�mb2 bQK2 7`2[m2M+B2b +�M #2+QK2
BK�;BM�`v B7 i?2 /BbQ`/2` Bb bi`QM;- bBM+2 i?2 HQr2` 7`2[m2M+v Bb x2`QX � b+?2K�iB+ /2b+`BTiBQM Q7 �M
BM}MBi2 bvbi2K HBF2 i?Bb Bb ;Bp2M BM 6B;m`2 kXRX LQi2 i?�i �HH bT`BM; +QMbi�Mib κ 7Q`K i?Bb ǴQM@bBi2
TQi2MiB�HǴX

6B;m`2 kXR, a+?2K�iB+ /2b+`BTiBQM Q7 �M BM}MBi2 QM2 /BK2MbBQM�H /BK2` H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

kXR .BK2` H�iiB+2 rBi? /Bz2`2Mi bT`BM; +QMbi�Mib �M/ Q// MmK#2` Q7 K�bb2b

6B;m`2 kXk, a+?2K�iB+ /2b+`BTiBQM Q7 � }MBi2 QM2 /BK2MbBQM�H /B�iQKB+ H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib- Q// MmK#2` Q7 K�bb2b �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

h?2 bvbi2K mM/2` +QMbB/2`�iBQM Bb b?QrM BM 6B;m`2 kXkX Ai Bb � }MBi2 +?�BM rBi? }t2/ #Qi? bB/2b
�i r�HHb �M/ +QMbBbiBM; 7`QK �M Q// MmK#2` Q7 K�bb2b N X aQ i?2 iQi�H MmK#2` Q7 bT`BM;b Bb 2p2M-
bT2+B}+�HHv N + 1- �M/ i?2 }`bi bT`BM; +QMbi�Mi Bb κ1 r?BH2 i?2 H�bi QM2 Bb κ2X �bbmKBM; i?�i �HH
K�bb2b Qb+BHH�i2 rBi? i?2 b�K2 7`2[m2M+v ω i?2M i?2 /BbTH�+2K2Mib ui , ∀ 1 ≤ i ≤ N +�M #2 r`Bii2M
�b ui = vie−iωtX lbBM; i?2 2[m�iBQMb Q7 KQiBQM- i?2M i?2 7`2[m2M+B2b ω �b HQM; �b i?2 �KTHBim/2b vi
�`2 i?2 2B;2Mp�Hm2b �M/ 2B;2Mp2+iQ`b Q7

− ω2M̂ |U⟩ = K̂|U⟩ UkXRV

r?2`2

|U⟩ =

⎛

⎝
v1
v2
XXX

vN

⎞

⎠ , UkXkV

M̂ =

⎛

⎜⎝

m 0 0 ··· 0
0 m 0 ··· 0

X X X
0 ··· 0 m 0
0 ··· 0 0 m

⎞

⎟⎠ UkXjV

9

where
6B;m`2 kX3, a+?2K�iB+ /2b+`BTiBQM Q7 � }MBi2 QM2 /BK2MbBQM�H /B�iQKB+ H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib- 2p2M MmK#2` Q7 K�bb2b �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

�bbmKBM; �;�BM i?�i �HH K�bb2b Qb+BHH�i2 rBi? i?2 b�K2 7`2[m2M+v i?2M K̂ Bb

K̂ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−κ1−κ2−κ κ2 0 0 ··· ··· 0
κ2 −κ1−κ2−κ κ1 0 ··· ··· 0
0 κ1 −κ1−κ2−κ κ2 0 ··· 0
XXX

X X X
XXX

0 ··· κ2 −κ1−κ2−κ κ1 0 ··· 0
0 ··· 0 κ1 −κ1−κ2−κ κ2 ··· 0
XXX

X X X
XXX

0 ··· 0 κ2 −κ1−κ2−κ κ1 0
0 ··· ··· 0 κ1 −κ1−κ2−κ κ2
0 ··· ··· 0 0 κ2 −κ1−κ2−κ

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, UkXRRV

r?BH2 Bi Ǵ�MiB@+QKKmi2bǴ rBi? i?2 K�i`Bt

Σ̂z = σ̂z ⊕ σ̂z ⊕ · · ·⊕ σ̂z ⊕ σ̂z UkXRkV

BM i?2 b2Mb2 {
K̂, Σ̂z

}
= −2(κ1 + κ2 + κ)Σz UkXRjV

q?2M κ1 > κ2 irQ 2/;2 bi�i2b �TT2�` BM i?2 7`2[m2M+v bT2+i`mK r?BH2 7Q` κ1 < κ2 MQ 2/;2 bi�i2b
�TT2�`X >Qr2p2`- i?2 H�iiB+2 Bb }MBi2 �M/ i?2 MmK#2` Q7 K�bb2b Bb 2p2M- r?B+? K2�Mb i?2 �KTHBim/2b
Q7 i?2 Qb+BHH�iBQMb 7Q` �HH K�bb2b TH�+2/ BM 2p2M bBi2b �`2 MQi x2`QX aT2+B}+�HHv- M2�` �i i?2 `B;?i 2/;2
i?2b2 �KTHBim/2b �`2 ?B;?2biX h?Bb Bb BM +QMi`�bi iQ i?2 T`2pBQmb +�b2 r?2`2 i?2 MmK#2` Q7 K�bb2b r�b
Q//X AM 6B;m`2 kXN i?2 7`2[m2M+v bT2+i`mK �b HQM; �b i?2 T`Q}H2 Q7 i?2 irQ 2/;2 bi�i2b Bb b?QrMX h?2
+?�BM +QMbBbib 7`QK N = 20 K�bb2b r?BH2 κ1/κ2 = 3X

6B;m`2 kXN, q?2M κ1 > κ2 irQ 2/;2 KQ/2b �TT2�`X PM2 bvKK2i`B+ �M/ QM2 �MiB@bvKK2i`B+X h?2
H�iiB+2 +QMbBbib 7`QK N = 20 K�bb2b r?BH2 κ1/κ2 = 3

3

,

and

The matrix “anti-commutes” with the matrixK̂
<latexit sha1_base64="SHMbCYWKYvp0M7XpglA2BHL169k=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsugjWATwXxIcoS9zSZZsnt37M4J4civsLFQxNafY+e/cZNcoYkPBh7vzTAzL4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcClC3kCBkrdjzakKJG8F45uZ33ri2ogofMBJzH1Fh6EYCEbRSo/l7ohiejct94olt+LOQVaJl5ESZKj3il/dfsQSxUNkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rE0pIobP50fPCVnVumTQaRthUjm6u+JlCpjJiqwnYriyCx7M/E/r5Pg4MpPRRgnyEO2WDRIJMGIzL4nfaE5QzmxhDIt7K2EjaimDG1GBRuCt/zyKmlWK95FpXpfLdWuszjycAKncA4eXEINbqEODWCg4Ble4c3Rzovz7nwsWnNONnMMf+B8/gAnlo/6</latexit>

6B;m`2 kX3, a+?2K�iB+ /2b+`BTiBQM Q7 � }MBi2 QM2 /BK2MbBQM�H /B�iQKB+ H�iiB+2 rBi? irQ /Bz2`2Mi bT`BM;
+QMbi�Mib- 2p2M MmK#2` Q7 K�bb2b �M/ rBi? i?2 �//BiBQM Q7 �M ǴQM@bBi2 TQi2MiB�HǴX

�bbmKBM; �;�BM i?�i �HH K�bb2b Qb+BHH�i2 rBi? i?2 b�K2 7`2[m2M+v i?2M K̂ Bb

K̂ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−κ1−κ2−κ κ2 0 0 ··· ··· 0
κ2 −κ1−κ2−κ κ1 0 ··· ··· 0
0 κ1 −κ1−κ2−κ κ2 0 ··· 0
XXX

X X X
XXX

0 ··· κ2 −κ1−κ2−κ κ1 0 ··· 0
0 ··· 0 κ1 −κ1−κ2−κ κ2 ··· 0
XXX

X X X
XXX

0 ··· 0 κ2 −κ1−κ2−κ κ1 0
0 ··· ··· 0 κ1 −κ1−κ2−κ κ2
0 ··· ··· 0 0 κ2 −κ1−κ2−κ

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, UkXRRV

r?BH2 Bi Ǵ�MiB@+QKKmi2bǴ rBi? i?2 K�i`Bt

Σ̂z = σ̂z ⊕ σ̂z ⊕ · · ·⊕ σ̂z ⊕ σ̂z UkXRkV

BM i?2 b2Mb2 {
K̂, Σ̂z

}
= −2(κ1 + κ2 + κ)Σz UkXRjV

q?2M κ1 > κ2 irQ 2/;2 bi�i2b �TT2�` BM i?2 7`2[m2M+v bT2+i`mK r?BH2 7Q` κ1 < κ2 MQ 2/;2 bi�i2b
�TT2�`X >Qr2p2`- i?2 H�iiB+2 Bb }MBi2 �M/ i?2 MmK#2` Q7 K�bb2b Bb 2p2M- r?B+? K2�Mb i?2 �KTHBim/2b
Q7 i?2 Qb+BHH�iBQMb 7Q` �HH K�bb2b TH�+2/ BM 2p2M bBi2b �`2 MQi x2`QX aT2+B}+�HHv- M2�` �i i?2 `B;?i 2/;2
i?2b2 �KTHBim/2b �`2 ?B;?2biX h?Bb Bb BM +QMi`�bi iQ i?2 T`2pBQmb +�b2 r?2`2 i?2 MmK#2` Q7 K�bb2b r�b
Q//X AM 6B;m`2 kXN i?2 7`2[m2M+v bT2+i`mK �b HQM; �b i?2 T`Q}H2 Q7 i?2 irQ 2/;2 bi�i2b Bb b?QrMX h?2
+?�BM +QMbBbib 7`QK N = 20 K�bb2b r?BH2 κ1/κ2 = 3X

6B;m`2 kXN, q?2M κ1 > κ2 irQ 2/;2 KQ/2b �TT2�`X PM2 bvKK2i`B+ �M/ QM2 �MiB@bvKK2i`B+X h?2
H�iiB+2 +QMbBbib 7`QK N = 20 K�bb2b r?BH2 κ1/κ2 = 3

3

{K̂, ⌃̂z} = �2 (1 + 2 + )
<latexit sha1_base64="MgBvGSQgImUz41E272ueE9w8A1Y="></latexit>

in the sense



Disorder respecting

 chiral symmetry

Disorder not respecting

chiral symmetry

�10

The diagonal term is not 
affected by the disorder

The diagonal term is 
affected by the disorder

6= �1 � 2 � 
<latexit sha1_base64="1sRo6cfn6OvveMIRoGoyy77lAmo=">AAACCXicbZC9TsMwFIWd8lfKX4CRxaJFYqFKwgBjBQtjkWiL1ESR4zqtVccxtoNURV1ZeBUWBhBi5Q3YeBvcNkjQciRLn869V9f3RIJRpR3nyyotLa+srpXXKxubW9s79u5eW6WZxKSFU5bK2wgpwignLU01I7dCEpREjHSi4eWk3rknUtGU3+iRIEGC+pzGFCNtrNCGNZ+TO3jiD5EQKHR/wCugFtpVp+5MBRfBLaAKCjVD+9PvpThLCNeYIaW6riN0kCOpKWZkXPEzRQTCQ9QnXYMcJUQF+fSSMTwyTg/GqTSPazh1f0/kKFFqlESmM0F6oOZrE/O/WjfT8XmQUy4yTTieLYozBnUKJ7HAHpUEazYygLCk5q8QD5BEWJvwKiYEd/7kRWh7dfe07l171cZFEUcZHIBDcAxccAYa4Ao0QQtg8ACewAt4tR6tZ+vNep+1lqxiZh/8kfXxDVqlmNg=</latexit>

= �1 � 2 � 
<latexit sha1_base64="88q3X6/3AvEBBQM1EvUi3L+iU30=">AAACEXicbZBNS8MwGMfT+TbrW9Wjl+Im7OJo60EvwtCLxwnuBdZS0jTbwtI0JKkwyr6CF7+KFw+KePXmzW9jtlXQzT8Efvyf50ny/CNOiVSO82WUVlbX1jfKm+bW9s7unrV/0JZpJhBuoZSmohtBiSlhuKWIorjLBYZJRHEnGl1P6517LCRJ2Z0acxwkcMBInyCotBVaNZ+lhMWYKbNqXp76I8g5DN0f8Aowq6FVcerOTPYyuAVUQKFmaH36cYqyRF+NKJSy5zpcBTkUiiCKJ6afScwhGsEB7mlkMMEyyGcbTewT7cR2PxX6MGXP3N8TOUykHCeR7kygGsrF2tT8r9bLVP8iyAnjmcIMzR/qZ9RWqT2Nx46JwEjRsQaIBNF/tdEQCoiUDtHUIbiLKy9D26u7Z3Xv1qs0roo4yuAIHIMacME5aIAb0AQtgMADeAIv4NV4NJ6NN+N93loyiplD8EfGxzdxtZt+</latexit>



m!2 =
1 + 2 + 

m
<latexit sha1_base64="H8cvLI4VMO9YAC44TJAtP8nRXFs=">AAACGHicbZDLSsNAFIYn9VbrrerSTbAVBKEmcaEboejGZQV7gSaGk+mkHTqThJmJUEIfw42v4saFIm67822ctllo6w8DH/85hzPnDxJGpbKsb6Owsrq2vlHcLG1t7+zulfcPWjJOBSZNHLNYdAKQhNGINBVVjHQSQYAHjLSD4e203n4iQtI4elCjhHgc+hENKQalLb98XuVuzEkfHp1rtxcKwJk7hCQB3z7LwclhnPFx1S9XrJo1k7kMdg4VlKvhlyduL8YpJ5HCDKTs2laivAyEopiRcclNJUkAD6FPuhoj4ER62eywsXminZ4ZxkK/SJkz9/dEBlzKEQ90Jwc1kIu1qflfrZuq8MrLaJSkikR4vihMmalic5qS2aOCYMVGGgALqv9q4gHodJTOsqRDsBdPXoaWU7Mvas69U6nf5HEU0RE6RqfIRpeoju5QAzURRs/oFb2jD+PFeDM+ja95a8HIZw7RHxmTHyGVn9U=</latexit>

Frequency of the 

edge mode

M1 =

✓
1 + 1

2
+ � m!2

2
�1

2

1 0

◆

<latexit sha1_base64="KcB5ZvMbm1TQTwG/fCMrD+W3l/o="></latexit>

M2 =

✓
1 + 2

1
+ � m!2

1
�2

1

1 0

◆

<latexit sha1_base64="ee2qh+SlRPFACIx76YaVlmRDWDQ="></latexit>

Adding disorder to the couplings 1 = 1 +W1!n

2 = m+W2!0
n

<latexit sha1_base64="jMdpPlaKUV87zM+cdqc/2aVW8lo=">AAACKHicbZDLSgMxFIYz3h1vVZduglUUhDIzLnQjim5cVrBW6JThTJq2obkMSUYoxcdx46u4EVGkW5/E9AZaPRD4+b9zODl/mnFmbBD0vZnZufmFxaVlf2V1bX2jsLl1Z1SuCa0QxZW+T8FQziStWGY5vc80BZFyWk07VwNefaDaMCVvbTejdQEtyZqMgHVWUjiPpWKyQaX19/y4A1kGSXgWHlWTMFaCtiCROI4nJDoTjkQTcuDvJYViUAqGhf+KcCyKaFzlpPAWNxTJhdtIOBhTC4PM1nugLSOcPvpxbmgGpAMtWnNSgqCm3hse+oj3ndPATaXdkxYP3Z8TPRDGdEXqOgXYtplmA/M/Vstt87TeYzLLLZVktKiZc2wVHqSGG0xTYnnXCSCaub9i0gYNxLpsfRdCOH3yX3EXlcLjUnQTFS8ux3EsoR20iw5RiE7QBbpGZVRBBD2hF/SOPrxn79X79Pqj1hlvPLONfpX39Q2yKKPh</latexit>

The spring constants cannot take negative values
W1  2
W2  2m

<latexit sha1_base64="FbmU2lvSt4kKbBAb1M0UgmrkQMA=">AAACD3icbVC7TsMwFHXKq4RXgJHFogUxVUkYYKxgYSwSfUhNFDmO01p1nGA7SFXUP2DhV1gYQIiVlY2/wW0zQMuRLJ17zr227wkzRqWy7W+jsrK6tr5R3TS3tnd296z9g45Mc4FJG6csFb0QScIoJ21FFSO9TBCUhIx0w9H11O8+ECFpyu/UOCN+ggacxhQjpaXAOvV4SnlEuDLrZjdwoMfIPXQ9TxduWSRmPbBqdsOeAS4TpyQ1UKIVWF9elOI80RdjhqTsO3am/AIJRTEjE9PLJckQHqEB6WvKUUKkX8z2mcATrUQwToU+XMGZ+nuiQImU4yTUnQlSQ7noTcX/vH6u4ku/oDzLFeF4/lCcM6hSOA0HRlQQrNhYE4QF1X+FeIgEwkpHaOoQnMWVl0nHbTjnDffWrTWvyjiq4AgcgzPggAvQBDegBdoAg0fwDF7Bm/FkvBjvxse8tWKUM4fgD4zPH/MFmWg=</latexit>

M1 =

✓
0 �1

2

1 0

◆

<latexit sha1_base64="+6H9JAu3PLzV9Q2iJYopz1pyRYo="></latexit>

M2 =

✓
0 �2

1

1 0

◆

<latexit sha1_base64="7eMxYdqcQ86Qzgmi4ObI+vD4ZO0="></latexit>

�11



For disorder strengths

equal to

W2 = W
W1 = W/2

<latexit sha1_base64="mD2xmXFASWQon6vzFuRA1MFkMLE=">AAACBnicbVC7TsMwFHXKq4RXgBEhRbRITCUJAyyVKlgYi0SbSk0UOY7TWnWcyHaQqqgTC7/CwgBCrHwDG3+D22aAliNZPjrn3mvfE2aUCGlZ31plZXVtfaO6qW9t7+zuGfsHXZHmHOEOSmnKeyEUmBKGO5JIinsZxzAJKXbD0c3Udx8wFyRl93KcYT+BA0ZigqBUUmAceywlLMJM6nXdDZym63nqtpvuuaPXA6NmNawZzGVil6QGSrQD48uLUpQnah6iUIi+bWXSLyCXBFE80b1c4AyiERzgvqIMJlj4xWyNiXmqlMiMU64Ok+ZM/d1RwESIcRKqygTKoVj0puJ/Xj+X8ZVfEJblEjM0fyjOqSlTc5qJGRGOkaRjRSDiRP3VREPIIZIqOV2FYC+uvEy6TsO+aDh3Tq11XcZRBUfgBJwBG1yCFrgFbdABCDyCZ/AK3rQn7UV71z7mpRWt7DkEf6B9/gC0vZYK</latexit>

W  4
W  2m

<latexit sha1_base64="v9y33g2FCGAd9hnj1AaLUI8O9oE=">AAACDHicbVDNSgMxGMz6W9e/qkcvwVbwVHZXQY9FLx4r2B/oLiWbzbah2WRNskJZ+gBefBUvHhTx6gN4821M2xW0dSAwzMyX5JswZVRpx/mylpZXVtfWSxv25tb2zm55b7+lRCYxaWLBhOyESBFGOWlqqhnppJKgJGSkHQ6vJn77nkhFBb/Vo5QECepzGlOMtJF65YrPBeUR4dqu2m3oM3IHz6Dv/3Avsasm5dScKeAicQtSAQUavfKnHwmcJeZWzJBSXddJdZAjqSlmZGz7mSIpwkPUJ11DOUqICvLpMmN4bJQIxkKawzWcqr8ncpQoNUpCk0yQHqh5byL+53UzHV8EOeVppgnHs4fijEEt4KQZGFFJsGYjQxCW1PwV4gGSCGvTn21KcOdXXiQtr+ae1rwbr1K/LOoogUNwBE6AC85BHVyDBmgCDB7AE3gBr9aj9Wy9We+z6JJVzByAP7A+vgHd9phL</latexit>

SSH Phononic with disorder 
respecting chiral symmetry

Phononic with 
random disorder
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The frequency is not

kept constant

The frequency 

is kept constant 

m!2 =
1 + 2 + 

m
<latexit sha1_base64="H8cvLI4VMO9YAC44TJAtP8nRXFs=">AAACGHicbZDLSsNAFIYn9VbrrerSTbAVBKEmcaEboejGZQV7gSaGk+mkHTqThJmJUEIfw42v4saFIm67822ctllo6w8DH/85hzPnDxJGpbKsb6Owsrq2vlHcLG1t7+zulfcPWjJOBSZNHLNYdAKQhNGINBVVjHQSQYAHjLSD4e203n4iQtI4elCjhHgc+hENKQalLb98XuVuzEkfHp1rtxcKwJk7hCQB3z7LwclhnPFx1S9XrJo1k7kMdg4VlKvhlyduL8YpJ5HCDKTs2laivAyEopiRcclNJUkAD6FPuhoj4ER62eywsXminZ4ZxkK/SJkz9/dEBlzKEQ90Jwc1kIu1qflfrZuq8MrLaJSkikR4vihMmalic5qS2aOCYMVGGgALqv9q4gHodJTOsqRDsBdPXoaWU7Mvas69U6nf5HEU0RE6RqfIRpeoju5QAzURRs/oFb2jD+PFeDM+ja95a8HIZw7RHxmTHyGVn9U=</latexit>
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Time dependent springs

Optimization



Symmetric Asymmetric Tan

Random number, uniformly 

distributed in the interval [-1,1]r

<latexit sha1_base64="GtROzWhwvlCo+dAXqyTfJjV7ge0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwzGNzP/8YlrI2L1gJOE+xEdKhEKRtFK91Vd7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mndRq9/VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gCVgo1U</latexit>

:1,2(0) ! 1,2(0) (1 + ✏r)
<latexit sha1_base64="MBztNTNbeIadwWKqyhWUjS6jRzs="></latexit>
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Symmetric Asymmetric Tan
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Thank you!


